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The influence of the additional second neighbor hopping t' on the spin response of the 
t-J model in the underdoped and optimally doped regimes is studied within the fermion-spin 
theory. Although the additional second neighbor hopping t' is systematically accompanied 
with the reduction of the dynamical spin structure factor and susceptibility, the qualitative 
behavior of the dynamical spin structure factor and susceptibility of the t-t'-J model is the 
same as in the case of t-J model. The integrated dynamical spin structure factor spectrum 
is almost t' independent, and the integrated dynamical spin susceptibility still shows the 
particularly universal behavior as I{uj,T) oc arctan[aiu;/T + a^luj/T)^]. 
71.27.+a, 74.72.-h, 76.60.-k 
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Following the initial discovery of the antiferromagnetic (AF) spin fluctuation in copper 
oxide materials [Q, extensive experimental and theoretical studies have been carried out 
in order to clarify the relationship between the AF spin fluctuation and superconductivity 
10, ^ 0. The single common feature of copper oxide materials is the two-dimensional (2D) 
Cu02 plane P, ||, and it seems evident that the exotic behaviors are dominated by this 
plane. It has been shown from the experiments that the anomalous magnetic properties 
in copper oxide materials mainly depend on the extent of dopings, and the regimes have 
been classified into the undoped, the underdoped, the optimally doped, and the overdoped, 
respectively 0, |], ^. The undoped copper oxide materials are insulating systems 0, and 
well understood in terms of the 2D antiferromagnet with an AF long-range-order (AFLRO) 
1^, ^. This AFLRO is reduced dramatically with dopings |P, 0, and vanishes around the 
doping 6 = 5%. But a series of inelastic neutron scattering measurements show that the 
AF short-range spin fluctuation in copper oxide materials persists in the underdoped and 
optimally doped regimes [|], ||, |lOl- It is widely believed that the same correlations that 
lead to the insulating AF state at small doping, also lead to the superconductivity in the 
underdoped and optimally doped regimes |Q, ^ . Since the copper oxide superconductors are 
doped Mott insulators, many authors [|ll|, have suggested that the essential physics of 
these materials can be effectively described by the 2D t-J model acting on the space with no 
doubly occupied sites, where t is the nearest neighbor hopping matrix element, and J is the 
nearest neighbor magnetic exchange interaction. This model has been used to study the spin 
dynamics of copper oxide materials in the underdoped and optimally doped regimes, and 
the results obtained 0, |T3|, [1^, |I5| from the analytical methods and numerical simulations 
are in quahtative agreement with the experiments H, . 

on 



However, the recent angle-resolved photoemission spectroscopy measurements |16 



copper oxide materials show that although the highest energy filled electron band is well 
described by the t-J model in the direction between the (0, 0) point and the (tt, tt) point in 
the momentum space, but both the experimental data near (tt, 0) point and overall dispersion 
may be properly accounted by generalizing the t-J model to include the second- and third- 
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nearest neighbors hopping terms t' and t". These photoemission results also show that the 
electron band width is reduced from the several eV expected from the band theory to of order 
J, which indicates that the coupling of the electron to the AF background plays an essential 
role in the electronic structure []T6| . On the other hand, the short-range AF spin correlation 
in the underdoped and optimally doped regimes is responsible for the nuclear magnetic 
resonance (NMR), nuclear quadrupole resonance (NQR), and especially for the temperature 
dependence of the spin- lattice relaxation rate 0. It is believed that both experiments 
from the angle-resolved photoemission spectroscopy and neutron scattering measurements 
produce interesting data that introduce important constraints on the microscopic models and 
theories. In this case, a natural question is what is the effect of these additional hoppings on 
the spin dynamics of the t-J model. In this paper, we study this issue within t-t'-J model. 
Our results show that although the additional second neighbor hopping t' is systematically 
accompanied with the reduction of the dynamical spin structure factor and susceptibility in 
the underdoped and optimally doped regimes, the qualitative behavior of the dynamical spin 
structure factor and susceptibility is the same as in the case of the t-J model |13|, |14|, |15|. The 
integrated dynamical spin structure factor of the t-t'-J model is almost t' independent, and 
the integrated dynamical spin susceptibility still shows the particularly universal behavior 
as I{uj, T) oc arctan[aiCi;/T + a-i{ijj /TY]. 

We start from the 2D t-t'-J model which can be written as, 

H = —t^^ Cj^Ci+fia + ^' X! ^L^i+ra + X! ^iff^icr + J ^ Sj ■ Si+^, (1) 
ifia ira icr if] 

where 17 = ±x, ±y, f = ±x ± {Ci^) are the electron creation (annihilation) operators. 

Si = CjaCi/2 are spin operators with a = (a^., a^^, a^) as the Pauli matrices, and fi is the 
chemical potential. The t-t'-J model (1) is supplemented by the on-site local constraint 
J2crCjcrCia < 1, i-G., there are no doubly occupied sites. The t-J model was originally 
introduced as an effective Hamiltonian of the large-f/ Hubbard model, where the on-site 
Coulomb repulsion U is very large as compared with the electron hopping energy t, which 
leads to that electrons become strongly correlated to avoid double occupancy. Furthermore, 
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many authors [T^, T7| derived the t-J model or t-t'-J model from a multiband large-[/ 
Hubbard model described with 2D Cu02 plane. Therefore the strong electron correlation 
in the t-J or t-t'-J model manifests itself by the electron single occupancy on-site local 
constraint. This on-site local constraint can be treated exactly in analytical calculations 
within the fermion-spin theory |[18|, C^j = h\S^ and Cj| = hlS^, where the spinless fermion 
operator hi keeps track of the charge (holon), while the pseudospin operator Si keeps track 
of the spin (spinon), then the fermion-spin theory naturally incorporates the physics of the 
charge-spin separation. In the fermion-spin representation, the t-t'-J model can be expressed 
as, 
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H — t h\^f^hi{Sf Sjj^f^ + Sj S^fj) t ^^hlj^_~hi{S^Sij^- + Si S^^) 

ii) IT 

+ fxJ2hlh^ + JeffY.i^.-S,+^), (2) 



where Jg// = -'^[(l — the holon particle-hole order parameter 0i = (hlhi^fi), and S^ 

and Sj" are the pseudospin raising and lowering operators, respectively. As a consequence, 
the kinetic part in the t-t'-J model has been expressed as the holon-spinon interactions in the 
fermion-spin representation, which dominates the physics in the underdoped and optimally 



doped regimes as in the case of the t-J model [H . 

Within the framework of the charge-spin separation, it has been shown [19| that the 
charge dynamics can be discussed based on the combination rule from spinous and holons, 
but no composition law is required for discussing the spin dynamics, since the spin fluctuation 
couples only to spinous, but the strongly correlation between holons and spinous is considered 
through the holon's order parameters entering in the spinon propagator. In this case, the 
spin dynamics of the t-J model in the underdoped and optimally doped regimes has been 
discussed within the fermion-spin theory by considering spinon fluctuations around the 
mean-field solution, where the spinon part is treated by the loop expansion to the second- 
order. Following their discussions IT^, we can obtain the dynamical spin structure factor 
and susceptibility in the present t-t'-J model as, 

S{k,iu) = Re/ dte'^'^'-'^Dik^t-t') =2[l+nB{uj)]lmD{k,uj), (3) 
Jo 



X'\k,iu) = {l-e-^'^)S{k,uj) = 2lmD{k,iu), 



(4) 



respectively, where the full spinon Green's function, D^^(k,uj) = D^^^^^(k,uj) — cu), 
with the mean-field spinon Green's function, D^'^'''~^{k,uj) = {uj^ — loD/B^., and the second- 
order spinon self-energy from the holon pair bubble, 



NJ '2uJk+p \uj + C,p+p' — ^p' — u}k+p 

F2{k,p,p') \ 



(5) 



UJ + ^k+p' — ip' + ^k+p J 

where ^y^ik^p^p') = t{-fk+p+p' + 7k~p) - i'(7fe+p+p' + 7fc-p)) 7k = (1/^) E^) e*^'^, 7k = 
{1 / Z) J2t ^''^^ J ^ is the number of the nearest neighbor or second-nearest neighbor sites, 
Bk = Ai[2xf(e7fc - 1) + Xiilk - e)] - A2(2x^7fc - X2), ^1 = 2ZJ,fj, = , 
e = 1 + 2t0i/Je//, Fi{k,p,p') = nFi^p+p')[l - upi^p')] + [1 + nBiuJk+p)][nFi^p') - rip^ip+p')], 
F2{k,p,p') = ?2f(^p+p')[1 - ^piQ] - nB{uJk+p)[nF{^p') - ripi^p+p')], npi^k) and nsiujk) are 
the fermion and boson distribution functions, respectively, the mean-field holon spectrum 
= 2Ztxi7fc — 2Zt'x2lk ~ 1^1 and the mean-field spinon spectrum, 

^1 = A?(["<^i + ^(l-a)-«exf7fc-^«eXi](l-e7fc) 
+ ]^t[aCi + ^(1 - a) - axilk - ^«Xi](e - 7fc)) 

+ A2 ([«X27fc - ^«X2]7fc + \[(^C2 + ^(1 - a) - \axl]) 

( a 
+ A1A2 [axWkil - e^k) + -ixiik - C3)ie - 7^) + «7UC| - eX27fc) 

- ^ae(C3 - X27fc)) , (6) 

with the spinon correlation functions xi = {StS~+.ri), X2 = (S+S*,^-), xl = (5'fS'^+^), X2 = 
{S^SU^, C, = {l/Z)E,,{St,r,S7^^,), CI = {l/Z)E,,{SUr,S:^;,X C2 = {l/Z)E?{St,,S-_^-,), 
C3 = {1/Z) Er{SUvSr+r), Q = (l/Z) EASUfiSUr), aud the holon particle-hole order pa- 
rameter 02 = (hihi^i-). In order not to violate the sum rule of the correlation function 
(S^Sl^) = 1/2 in the case without AFLRO, the important decoupling parameter a has been 
introduced in the mean-field calculation, which can be regarded as the vertex correction 



For small dopings, the spin fluctuation scattering remains commensurate at the AF 
wave vector Q = (vr, vr) position P, |^. With increasing dopings, there is a commensurate- 
incommensurate transition in the spin fluctuation geometry, and the incommensurate scat- 
tering in the underdoped and optimally doped regimes corresponds to four 2D rods at 
(tt ± 27r(5(i, tt) and {it, tt ± 27T6d) with 6d is the deviation of the peak position from the AF 
wave vector Q position |^. This incommensurate scattering is the main new feature that 
appears into the superconducting phase of copper oxide materials 0. In this paper, we are 
interested in the influence of the additional second neighbor hopping on the spin dynamics of 
the t-J model. To make the discussion simpler, we only study the spin response of the t-t'-J 
model near the AF wave vector Q. We have performed a numerical calculation for the dy- 
namical spin structure factor S{Q, u) and dynamical spin susceptibility x"{Qj ^) of t-t'-J 
model, and the results of the S{Q, u) and x"{.Qi ^) spectra at the doping (a) 5 = 0.06 and (b) 
S = 0.12 with the temperature T = 0.2J for the parameters t/J=2.5, t'/J=0.3 (solid line), 
and t'/J=0.5 (dashed line) are plotted in Fig. 1 and Fig. 2, respectively. For comparison, 
the corresponding results of the t-J model (dash-dotted line) are also shown in Fig. 1 
and Fig. 2, respectively. From Fig. 1 and Fig. 2, we find that although the additional second 
neighbor hopping t' is systematically accompanied with a clear reduction of the dynamical 
spin structure factor and susceptibility in the underdoped and optimally doped regimes, the 
qualitative behavior of the dynamical spin structure factor and susceptibility in the t-t'-J 
model is the same as in the case of the t-J model [l^. The spin structure factor spectrum 
is separated into low- and high-frequency parts, respectively, but the high-frequency part 
is suppressed in the susceptibility, then the low-frequency peak dominates the dynamical 
spin susceptibility, the neutron-scattering, and NMR processes, which is consistent with the 
experiments ||, 0. 

One of the most important features of the spin dynamics in copper oxide materials is the 
universal behavior of the integrated dynamical spin response [§, |10[ . This universal behavior 
is very significant because of its relation to many other normal state properties of copper 
oxide materials. The integrated dynamical spin response is manifested by the integrated 
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dynamical spin structure factor and integrated dynamical spin susceptibility, and can be 
expressed as, 

Siiu) = SLH + SLi-io) = il + e'^nSLH = il + e-''n^J2Sik,uj), (7) 

k 

K^.T) = ^Ex"(^,c^), (8) 

k 

respectively. The numerical results of the integrated dynamical spin structure factor S{uj) at 
the doping (a) 6 = 0.06 and (b) 6 = 0.12 with the temperature T = 0.2J for the parameters 
t/J=2.5, t'/J=0.3 (sohd line), and t'/J=0.5 (dashed line) are shown in Fig. 3. The dash- 
dotted line is the corresponding result of the t-J model. These results indicate that the 
integrated spin structure factor of the t-t'-J model is almost t' independent in the underdoped 
and optimally doped regimes. Moreover, S{uj) is decreased with increasing energies for 
uj < 0.5t, and constant for u > 0.5t. In correspondence with the integrated dynamical 
spin structure factor, the numerical results of the integrated dynamical spin susceptibility at 
the doping 6 = 0.12 with the temperature T = 0.2 J for the parameters t/J=2.5, t'/J=0.3 
(solid line), and t'/J=0.5 (dashed line) are shown in Fig. 4. The dash-dotted line is the 



corresponding result of the t-J model. Our results show that the integrated susceptibility 
increases with increasing u/T for uj/T < 1, and then is almost constant for uj/T > 1. 
Although the value of the integrated dynamical spin susceptibility of the t-t'-J model is weak 
t' dependent, but the shape still is particularly universal, and can be scaled approximately 
as I{u,T) = 6iarctan[aiu;/T + as{uj/T)^] as in the case of the t-J model [Q. These results 



are in very good agreement with the experiments [T^ 



The t-J model is characterized by a competition between the kinetic energy [t) and 
magnetic energy (J). The magnetic energy J favors the magnetic order for spins, while the 
kinetic energy t favors delocalization of holes and tends to destroy the magnetic order. Only 
in this sense, the additional second neighbor hopping t' in the t-J model is equivalent to 
increase the kinetic energy, and its influence on the spin dynamics of the t-J model may 
be similar to the effect of dopings. On the other hand, the scattering of spinous dominates 
the spin dynamics, and the qualitative behavior of the spin dynamics in the t-J model is 



not changed dramatically with dopings in the underdoped and optimally doped regimes [|T| 



These are why at least for small values of t' the qualitative behavior of the spin dynamics 
in the t-t'-J model is the same as these obtained from the t-J model. Since the scattering 
of holons dominates the charge dynamics and some qualitative physical properties of 
the charge dynamics are changed dramatically with dopings in the t-J model |2l|, then it is 
possible that the additional second neighbor hopping t' may affect the qualitative behavior 
of the charge dynamics of the t-J model. 

In summary, we have discussed the influence of the additional second neighbor hopping t' 
on the spin response in the t-J model in the underdoped and optimally doped regimes within 
the fermion-spin theory. Our results show that although the additional second neighbor 
hopping t' is systematically accompanied with the reduction of the dynamical spin structure 
factor and susceptibility, the qualitative behavior of the dynamical spin structure factor and 
susceptibility of the t-t'-J model is the same as in the case of t-J model. The integrated 
spin structure factor spectrum is almost t' independent, and the integrated dynamical spin 
susceptibility still shows the particularly universal behavior as I{uj,T) oc arctan[aiCo'/T + 
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Figure Captions 

Figure 1. The dynamical structure factor S{Q,u;) at the doping (a) 6 — 0.06 and (b) 
S — 0.12 with the temperature T — 0.2 J for the parameters t/J—2.5, t'/J—0.3 (sohd hne), 
and t'/J—0.5 (dashed hne). The dash-dotted hne is the corresponding result of the t-J 
model. 

Figure 2. The dynamical susceptibility x"{Qj^) the doping (a) S — 0.06 and (b) 
5 — 0.12 with the temperature T — 0.2 J for the parameters t/J—2.5, t'/J—O.S (solid line), 
and t'/J—0.5 (dashed hne). The dash-dotted hne is the corresponding result of the t-J 
model. 

Figure 3. The integrated dynamical structure factor ^^(a;) at the doping (a) 6 = 0.06 and 
(b) 5 — 0.12 with the temperature T — 0.2 J for the parameters t/J—2.5, t'/J—0.3 (solid 
hne), and t'/J—0.5 (dashed hne). The dash-dotted line is the corresponding result of the 
t-J model. 

Figure 4. The integrate dynamical susceptibility I{lu) at the doping 6 = 0.12 with 
the temperature T = 0.2 J for the parameters t/J=2.5, t'/J=0.3 (solid line), and t'/J=0.5 
(dashed line). The dash-dotted line is the corresponding result of the t-J model. 
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